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_ . Abstract .- We prove a polynomial energy decay for the Maxwell's equations with Ohm's law on 

I partially cubic domains with trapped rays. 
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1 Introduction 



The problems dealing with Maxwell's equations with nonzero conductivity are not only theoretical 
interesting but also very important in many industrial applications (see e.g. [7], [5]). 



Let be a bounded open connected region in R"^, with a smooth boundary dil. We suppose that 



fl is simply connected and dfl has only one connected component. The domain fi is occupied by an 
electromagnetic medium of constant electric permittivity So and constant magnetic permeability /io. 
Let E and H denote the electric and magnetic fields respectively. The Maxwell's equations with Ohm's 
law are described by 

EodtE - curl H + aE ^0 in O x [0, +oo) 
IJ,odtH + curl E = in rj x [0, +oo) 

div (fioH) = in X [0, +oo) (1.1) 
E x V = H ■ V = Q on X [0, +oo) 
{E,H)i-,0)^iEo,Ho) inn. 

Here, {Eq, Hq) are the initial data in the energy space L/^ (Vl)^ and v denotes the outward unit normal 
vector to dVl. The conductivity is such that a e L°° [il) and u > 0. It is well-known that when the 
conductivity is identically null, then the above system is conservative and when a is bounded from 
below by a positive constant, then an exponential energy decay rate holds for the Maxwell's equations 
with Ohm's law in the energy space. The situation becomes more delicate when we only assume that 

<T {x) > constant > Vx € uj 

for some non-empty connected open subset of f2. Observe that the condition div (EoE) — in 
X [0, +oo) does not appear because the free divergence is not preserved by the Maxwell's equations 
with Ohm's law. Here we know that the above system is dissipative and its energy tends to zero in 
large time. However, we would like to establish the energy decay rate as well. In the field of control 
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theory, the exponential energy decay rate of a hnear dissipative system is deduced from an observabihty 
estimate. Precisely, in order to get an exponential decay rate in the energy space we should have the 
following observability inequality 



for any initial data [Eq, Hq) in the energy space L'^iny. We can also look for establishing the 
above observability inequality for any initial data in the energy space intersecting suitable invariant 
subspaces but not with the condition div i?o = in $7. Such estimate is established in [TT] under 
the geometric control condition of Bardos, Lebeau and Ranch [5] for the scalar wave operator and 
when the conductivity has the property that a {x) > constant > for all x £ uj and a (x) = for 
all X € n\uJ. From now, we consider a subset uj such that the geometric control condition for the 
scalar wave operator or other assumptions based on the multiplier method fail. In such geometry, we 
do not hope an exponential energy decay rate in the energy space. Our geometry (described precisely 
in Section 3) presents parallel trapped rays and can be compared to the one in [12] or in [4], [10] for 
the two dimensional case. It generalises the cube (see [5]) and therefore explicit and analytical results 
are harder to obtain. Our main result gives a polynomial energy decay with regular initial data. Our 
proof is based on a new kind of observation inequality (see (I4.33|) below) which can also be seen as 
an interpolation estimate. It relies with the construction of a particular solution for the operator 
ids + /i (A — d^) inspired by the gaussian beam techniques. Also the dispersion property for the one 
dimensional Schrodinger operator will play a key role. 

The plan of the paper is as follows. In the next section, we recall the known results about the 
Maxwell's equations with Ohm's law that will be used in the following. Section 3 contains the statement 
of our main result, while Section 4 is concerned with its proof. In Section 5, we present the interpolation 
estimate, while Section 6 includes its proof. Finally, two appendix are added dealing with inequalities 
involving Fourier analysis. 



2 The Maxwell's equations with Ohm's law 

We begin to recall some well-known results concerning the Maxwell's equations with Ohm's law: well- 
posedness, energy identity, standard orthogonal decomposition and asymptotic behaviour in time of 
the energy of the electromagnetic field. 



2.1 Well-posedness of the problem 

Let us introduce the spaces 




or simply, in virtue of a semigroup property. 





(2.1.1) 



(2.1.2) 
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It is well-known that if {Eo,Ho) e V, there is a unique weak solution {E,H) e C° ([0, +00) , V). 
Further, if {Eo, Ho) € W, there is a unique strong solution (E, H) e C" ([0, +00) , W)r\C'^ ([0, +00) , V). 
Let us define the functionals of energy 

fW-^y (eo\E{x,t)\^ + ^Jio\H{x,t)\^^dx , (2.1.3) 

£i{t) = ]^j^(eo\dtE{x,t)\' + tio\dtH{x,t)\^)dx . (2.1.4) 

We can easily check that the energy £ is a continuous positive non-increasing real function on [0, +00) 
and further for any initial data [Eo, Ho) E W, 

d f 

—£{t)+ / a{x)\E{x,t)\^ dx , (2.1.5) 
at 

and for any t2 > ti > 0, 



t2 . 
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£{t2)-£{ti)+ I I a{x)\E{x,t)y dxdt^O , (2.1.6) 
Jti Jn 



£1 {t2) - £1 (h) + f f <T{x)\dtE{x,t)fdxdt^O 
Jti Jn 



(2.1.7) 



2.2 Orthogonal decomposition 

Both E and fJ-oH can be described, by means of the scalar and vector potentials p and A with the 
Coulomb gauge, in an unique way as follows. 

Proposition 2.1 -. For any initial data {Eg, Ho) E W , there is a unique {p, A) E ([0, +00) , Hq (il)) x 
(^[0,+oo) ,H^ i^)'^^ such that {E,H) the solution of U.l\) the Maxwell's equations with Ohm's law 
satisfies 

E = ^yp^dtA 
fioH = curl A 



(2.2.1) 



Eo^J-odfA + curl curl ^ — ^o {—^odt^p + crE) in ft x [0, +00) 

divA = mnx[0,+(X)) (2.2.2) 
A X = on X [0, +00) 



and we have the following relations 

ml^^nr = Wml^nf + I15tv4|li.(^)3 , (2.2.3) 

Weodtyph^^nf < lk£^llL=(n)3 , (2-2.4) 
3c>0 ||A||^.(^)3 <c||curlA||^.(^)3 . (2.2.5) 
Further, since curli/ E (^^)^ curlcurM E [Vl)^ and div A e H^ {9). 

The proof is essentially given in |11[ page 121] from a Hodge decomposition and is omitted here. 
Now, the vector field A has the nice property of free divergence and satisfies a second order vector 
wave equation with homogeneous boundary condition A x v ^ div A ~ Q and with a second member 

in ^[0, +00) , (f^)'^^ bounded by 2/io I1'7^IIl2(si)^ ■ ^'^'^ sake of simplicity, we assume from now 

that EoMo = 1- 
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2.3 Invariant subspaces, asymptotic behavior and exponential energy decay 



Let a; -I- be a non-empty connected open subset of with a Lipschitz boundary Suppose that 

a £ L°° (f2) with the property that a (x) > constant > for ah x G and a (x) — for all 
X € Q \oJ+ . Define a;_ = fl \suppcr and suppose that its boundary duj_ is Lipschitz and has no more 
than two connected components 71 , 72 ■ 

We recall that the range of the curl, cm\H^ is closed in {^-)^ (see [U page 257] or [5l 

page 54]) and 

curliJi(w_)^ = |c/e L2(^_)3. divC/ = Oinw_, J U-v = Q forie{l,2}| . (2.3.1) 

Its orthogonal space for the (L^ (a;_))'^ norm is 

{cmtXH^ [uj-fY = {v {uj-f ; cnvW = in V x v = Q on dioJ^ . (2.3.2) 



Let us introduce Sa = ycmlH^ {u^f D L"^ [Vifj x {^f _ The space WC^S„ is stable for the sys- 
tem of Maxwell's equations with Ohm's law, which can be seen by multiplying by e ^curliJ^ (a;_)'^^ 
the equation SodtE — curliJ + crE ~ 0. Then, we can add the following well-posedness result. If 
(Eo, Ho) eWn S^, there is a unique solution {E, H) G C" ([0, +00) , W n 5,,) n ([0, +00) , V n S„). 

It has been proved (see \Ti; page 124]) that if a;_ is a non-empty connected open set then 

lim 8 [t) = for any initial data {Eg, Ho) G V n S^- Further, the following result (see [TTJ page 
t— f-t-00 

124]) plays a key role. 

Proposition 2.2 -. // is a non-empty connected open set, then there exists c > such that for 
all initial data {Eo, Ho) (zWHS^ of the system of Maxwell's equations with Ohm's law, we have 

> £{t) <c£i (t) . (2.3.3) 



Remark 2.3 -. The estimate (|2.3.3|) is still true if n dil ^ 0. Indeed, the proof given in [TTl 
page 127] can be divided into two steps. In the first step, we begin to establish the existence of c > 

such that 

l|Vp|li.(^^)3 + \\dtA\\'^.(nf + ll^lli^(o)3 < c (fi (t) + ^fW)^^^)) (2.3.4) 

for any (i?o, Hq) G Y^C\Sa. Here, we used a standard compactness-uniqueness argument for i?, (|2.2.5p 
of Proposition 2.1 for dtA, and for Vp from the fact that u (x) > constant > for all x G u!+ and 
(|2.1.5p . Till now, we did not need that uj-^ is a connected set. The second step (see [HI page 128]) did 
consist to prove that 

\\mU.._f < c {wmU^^f + wdtAwi^^^^s) . (2.3.5) 

Finally, we concluded by virtue of (|2.2.3p of Proposition 2.1. This last estimate becomes easier to 
obtain under the assumption duj-^- D Oil 7^ and without adding the hypothesis saying that uj- is a 
connected set. Indeed, since {Eo,Ho) G W n 5o- and —Ap = divE, p G Hq (fi) solves the following 
elliptic system 

Ap — in UJ- 

peH^/^{duj-) (2.3.6) 
p = on duj+ n 7^ . 

Thus, by the elliptic regularity, the trace theorem and the Poincare inequality, we have the following 
estimate 

I|VpIIl2(^^)3 < ci |b||^i/2(a^^) < C2 lbllffi/2(a^^) < C3 ||Vp||^2(„^)3 (2.3.7) 



4 



for suitable constants ci,C2,C3 > 0. Hence, combining (|2.3.4p and (|2.3.7p with (|2.2.3p . (|2.3.3p follows 
if duj+ C^^VL^%. 

The exponential energy decay rate for the Maxwell's equations with Ohm's law in the energy space 
is as follows. 

Proposition 2.4 -. Let d he a subset of Q such that any generalized ray of the scalar wave operator 
df — A meets d. Suppose that '& Dfl CZ uj^. Further if du^ n dfl ^ % or ui^ is a non-empty connected 
open set, then there exist c > and /? > such that for all initial data {Eo,Ho) (zVnSa- of the system 
lll.l]) of Maxwell's equations with Ohm's law, we have 

yt>0 £{t)< ce-^' £ (0) . (2.3.8) 

The proof of Proposition 2.4 is done in [TT| page 129] when a;_ is a non-empty connected open set. 
Here, we simply recall the key points of the proof. From the geometric control condition, the following 
estimate holds without using the fact that w_ is a non-empty connected open set. 

3C, Tc > VC > £i{C)<C J j [a \dtE\^ + a \E\^^ dxdt (2.3.9) 

for any initial data (£'o. Ho) £ W Sa- Next by (|2.3.3p . we deduced that 

3C,Tc>0 VC>0 £{C)+£i{C) <C J J (^(T\dtEf + a\Ef^dxdt . (2.3.10) 

Finally, we concluded by virtue of a semigroup property. The proof works as well when duj+ D dQ =/= 
thanks to Remark 2.3. 



3 Geometric setting and main result 

Let us introduce the geometry on which we work in this paper. 

We set D (ri,r2) = {{xi,X2) € M^; \xi\ < ri, \x2\ < r2} where ri,r2 > 0. Let mi,m2,p > 0. We 
choose n a connected open set in bounded by Fi, F2, T where 

Ti ^ D (mi,m2) x {p}, with boundary 9Fi, 

T2 = D (mi, 7712) X {— p}, with boundary 9r2, 

T is a surface with boundary dT = dTi U 9F2. 

Therefore, the boundary of ft is dil = Fi U F2 U T. Further, we suppose that dil is C°° with T C 
(R^ \D (mi, m2) ) X R. In particular, is simply connected and dV, has only one connected component. 

Let be a small neighborhood of T in R'^ such that QdD (Mi, 1/2) x [—p, p] = for some Mi G (0, mi) 
and M2 S (0, m2). Further, we suppose that the boundaries d {Q Oil) and d (jl \8 nil) are at least 
Lipschitz. 

After these preparations, we are now able to state our main result. 

Theorem 3.1 .- Let lj = D fl. If a E L°° (il) is such that a {x) > constant > for all x E uj 

and a [x) = for all x E fl \lJ , then there exist c > and 7 > such that for any t > 

£{t)<^{£{0) + £AO)) (3.1) 
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for every solution of the system of Maxwell's equations with Ohm's law with initial data (Eo,Ho) 

in WnSa- 

Remark 3.2 -. From now u = fl and a E L°° (U) is such that a (x) > constant > for aU 
X Lo and a (x) = for ah x G fl\uJ . Notice that u and 0\(U are two non-empty connected open sets 
with Lipschitz boundaries. Therefore by Proposition 2.2, there exists c > such that for all initial 
data {Eo,Ho) E W D Sa oi the system (11.11) of Maxwell's equations with Ohm's law, £ (t) < c £i (t) 
for any t > 0. 

Remark 3.3 -. Notice the existence of trapped rays bouncing up and down from Fi to F2. 



4 Proof of the main result 



Let us consider the solution U of the following system 

dfU + cm\cm\U = 
div C/ = 
U xiy = 

([/(•,0),atf/(.,0)) = ([/O,t/i) 
(C/i, curl curl C/O) e X 



in X M 
in X R 
on 9il X I 
in , 



(4.1) 



where 



X = \[F,G) e [nf ; curlF G i^f,Fx i^^ga = 0,divJ^ = 0,divG = o| 



(4.2) 



It is well-known that the above system is well-posed with a unique solution U such that (U (•, t) , dtU (•, t)) 
and (dfU (•, t) , dfU (•, t)) belong to X for any i e M. Let us define the following two conservations of 
energies. 

g{u,o)^g{u,t)= f {\dtUix,t)f + \cuTiuix,t)\^^dx , (4.3) 



g{dtU,o) = gidtU,t) 



jcurlcurl U {x, t)\'^ + \cml dtU {x, t)\^ ) dx 



(4.4) 



Further, for such solution U, the following two inequalities hold by standard compactness-uniqueness 
argument and classical embedding (see 1, and [5, page 50]). 



g iu,t) < eg idtU,t) , 

< c||curlC/(-,i)||^2(o)3 



(4.5) 
(4.6) 



for some c > and any t e 



Since 8 is a small neighborhood of T in such that 8 n D {Mi, M2) x [—p,p] = for some 
Ml G (0, mi) and M2 G (0, 7712), there exists a positive real number Tq < min {mi — Mi, ni2 — M2, p) /2 
such that D (mi, m2) \D (mi — 2ro, m2 — 2ro) x (p — 2ro, p + 2ro) U (— p — 2ro, —p + 2ro) C 8. Now, 
we define 

uJo = D (mi - To, m2 - To) X {p~ 2ro, p- ro) ■ (4.7) 



Proposition 4.1 -. There exist ho,c,j > sueh that for any To> 0, C >0 and h G {0,ho], the 
solution U of 1^. J[ ) satisfies 



\dtU\^ dxdt < c^ f^^ I (\dtU\^ + \uf^dxdt + chg{dtU,0 ■ (4.8) 



h^ 



c 
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We shall leave the proof of Proposition 4.1 till later (see Section 5). Now we turn to prove Theorem 

3.1. 



We start by choosing ujo C uJo such that w U Wo is a non-empty connected open set and such that 
the boundaries 9 (w U uJ^) and d {vi \uj U are Lipschitz. Notice that 9 (w U uTo) H dVl ^ and there 

exists d a subset of Vl such that i9 n 17 C (w U w^) and such that any generalized ray of the scalar wave 
operator — A meets d. 

Let C, Th > 0. Let (^E^ denote the electromagnetic field of the following Maxwell's equations 
with Ohm's law 

£odtE~c\xr\H+{a + l\cr„)'E^Q in 17 x [0, +oo) 

/Xo^ti? + curl £; = inrix[0,+oo) 

div [jioH^ =0 in X [0, +oo) (4 9) 

E X ly = H ■ ly = Q on 9f7 x [0, +00) 

_ (^E,Hy;C + Th)^{E,H){;C + n) inn. 

The conductivity {(J + is such that (c + ) > constant > in uj U uJ^ and (cr + 1]^^;; ) = 

in ^ (^uj U Ldoj ■ Also notice that {E, H) e W n C {V n ^ct+i,— ) • Therefore by Proposition 2.4, 
there exist c, /3 > (independent of T^) such that for any t > we have 



E{x,t + c + n) 



^J■o 



H{x,t + c + n] 



(4.10) 



On the other hand, let (E, H) = i^E., Hj - {E, H). Then it solves 

' EodtE - curl i? + (o- + l|s;_)_^ = - Vo ^ 17 x [0, +00) 

/LioajT? + curl E = {) in 17 X [0, +00) 

div (moS") =0 in 17 X [0, +00) 

1: X V = Tl ■ V = {) on ai7 X [0, +CX)) 

{E{-X + Tn),H{-X + Th)) = {0,Q) in 17 , 

and by a standard energy method and the fact that cj^ C Wo, we get that for any t>Q 

rt+C+Th 



(4.11) 



(^£o\E {x,t + C + Th)\^ + fio\H {x,t + C + Th)\^) 



dx<—l I \E {x.s)f dxds . (4.12) 



Now we are able to bound the quantity £ {( + Th) = £ {t + ( + Th) + Jc+rt'^'' In (•^) 1^ dxds 
as follows. By using (I4.10p and (I4.12p . we deduce that 

IQ+Th Jul a 



£{C + n) < 2ce-^* £(C + n) + - / \E {a 



t+C+Th 



(x.sjl' dxds + / / a{x)\E{x,s)\ dxds 

Jc+Th Jn 

(4.13) 

which implies by taking t large enough, the existence of constants C, Tc > 1 such that 



£iC + n)<C / / a\E\'+ / 



\E\ dx dxdt 



(4.14) 



Recall the existence of the vector potential A from Proposition 2.1 and let U be the solution of 

U + curl curl [/ = in 17 x E 

div [/ = in 17 X R , , 

U xv^Q on ai7 X M ^ ' 

{U,dtU){;0^{A,dtA){;C) in 17, 
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then by a standard energy method, for any Ti > 

rC+Ti f . , /-C+Ti 



y" y" {\dt{V ~ A)'^ ^\cwi:\{U - A)f^dxdt<Tl ^ J Ho\-eodtVp + aE\^ dxdt (4.16) 



iC JQ. ^ ' Jc, Jn 

which imphes from (12.2.41) of Proposition 2.1 that 



y ' J (^\dt{U ~ A)\^ + \cnrl {U - A)\'^'^dxdt<4noTi ' J \aE\^ dxdt . (4.17) 

Now we are able to bound the quantity £ {C) = £ (C + Th)+ J^^'^'^ i^) 1^ i^^ ■*) |^ dxds as follows. 
Since E = -Vp + dt {U ~ A) - dtU, we deduce by (|4H) and (liTH) that 

£(0 <C 

<C(1+T2) / (a\E\^ + \\/pndxdt + C / \dtUf dxdt . 

(4.18) 

Here and hereafter, C will be used to denote a generic constant, not necessarily the same in any two 
places. 

Now we fix Tfi = c-^ where c and 7 are given by Proposition 4.1. Taking To = Tc in Proposition 
4.1, we obtain that for any C > and h e (0, /lo]. 





K+Th r 


j dt + 


/ / 







\dtUf dxdt < CTh [\dtUf + \ufjdxdt + chg{dtU,0- (4.19) 



/ \dtU\^dxdt < CTh / 
But 



/ / \dtUfdxdt = / \-E -Wp + dt{U - A)\^ dxdt 

<CTlj J i^ij\E\^ + \Wpfjdxdt 



(4.20) 



and 



/ / \U\^dxdt <2 / \U-A\^dxdt + 2 / lAI'' 

Jc Jc Jsi Jc J" 

<C \cm\ {U - A)\^ dxdt + 2 \A\^ dxdt (4.21) 

Jc Jn Jc Jw 

/•C+2T,. ^ ^•C+2Th ^ 

<CT^ a\E\^dxdt + 2 \Af dxdt 

Jc Jr2 Jc Jw 



therefore (|4.19p becomes 

/ / \dtUf dxdt < CTi / / (ct|£;|V iVpH da;+ / |A|^da; dt + c/i^;(9t[/,C) 

Jc+Th Jc VJO ^ ^ JU} J 

(4.22) 

and finally, combining (I4.18P and (|4.22p . we get 

£ (C) < CTl j^J ' (cT + |Vp|') + y" dx^ + chg {dtU, c) . (4.23) 

We have proved that there exist ho,c,j > such that for any C ^ and h G (0,/io], the solution 
{E, H) of (Hll) satisfies 

£ (C) < J^^ ^ (yj \E\^ + |Vp|') dx + j \A\' dx^ dt + chg {dtU, C) . (4.24) 



8 



By formula (|2.1.6p and since Q {dtU, C + mc-^) — Q (dtU, () for any m, this last inequality becomes 

m=O....N-lJ C JO. 
m=0,..,Af-l 

" / / / |2 , |2\ , , / I ,,2 



<c^ E / [ [a\E\' + \ypndx+ \A\'dx]dt + Nchg[dtUX) , 

m=O....N-lJ C+mc-^ \J U ^ ' J u J 

(4.25) 

for any > 1. We choose N e (c-^,l + c-^]. Therefore, there exist c, 7 > such that for any 
h e (O,fto], 

£{0<cj^^^'^ ^ (a|S|' + |Vp|')da; + y | dxj + c/i^ (^tC/, C) ■ (4.26) 

On the other hand, since (U, dtU) (•,() = (^, dtA) (•,(), 

^ (9^(7, C) = llcurli; (., C)lli.(o)3 + IIMo curli? (., 011^2(0)3 

= liSii? (•, C)lli.(o)3 + II + ^io(TE) (., C)lli.(n)3 (4.27) 
<c{£^{Q)+Sm<c\\{E,,H,)\\l^j^^ 

where M is the m-accretive operator in V with domain D (A^) = W, defined as follows. 

||(^^,G)||^-eo||i^|li.(0)3+Mo||G||^.(^)3 , 

^cr -^curl \ (4.28) 



M = 



curl 



Mo 



Therefore, combining ()4.26p and (|4.27p . we get the existence of constants c, 7 > such that for any 
C > and /i e (0,/io], 

f(C)<cy^^'^'^ (^y^(a|i?|V|Vp|')rfa; + j \A\' dx^ dt + ch\\{Eo, Ho)\\\j^) . (4.29) 

Denote {T{t))^yQ the unique semigroup of contractions generated by —A4. First, suppose that 
{Eo, Ho) € D (^A4^) and let us define the functional of energy 

£2{t) ^ ^ J^{eo\d^E ix,t)\' + fio\d^H {x,t)\''^ dx (4.30) 

which satisfies ^ 

£2{t2)-£2{ti)+ I [ (j{x)\d^E{x,t)\^ dxdt = . (4.31) 

Let Xo = ^MHEo.Ho), then {T{t))^^^Xo = {dfE,dfH), ||r(C)X„||^ = 2^2(0 and \\Xo\\l^j^^ < 
c\\(Eo, Ho)\\'^jj(j^3y Further, by uniqueness of the orthogonal decomposition in (I2.1.ip of Proposition 
2.1, (|4:29l) implies that for any {Eo,Ho) S D {M^) 

£2(0 <cy^^'^'^ (^J^^{a\d^E\^ + \d!Vp\^)dx + J \dfA\^dx^dt + ch\\{Eo,Ho)\\l^j^s) ■ (4.32) 

Since by Proposition 2.2, £ {(,) < c£i (C) and in a similar way £1 {() < (£2 (C) for some c > 0, taking 
account of the first fine of p.2.ip and (|2.2.4p . (|432|) becomes 



^(0+^1(0+^2(0 <c y^^'^'^ j [a\E\' +a\dtE\' + a\^^'^E\^'^ dxdt + ch\\{Eo,Ho 

^ (4.33) 
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Denote 

UiC) = '-^^^^±^^^±^. (4.34) 

Since Ti < 1, the inequality (|4.33l) holds for any h > 0. Taking h = CqT-L {() with some suitable small 
constant cq, we get the existence of constants c, 7 > such that for any ^ > 0, 

f (0+^1(0+^2(0 <c /''^ ^""'^ / (<j\E\^ + a\dtEf + a\dfE\^)dxdt . (4.35) 



The function H is a continuous positive decreasing real function on [0,+cxd), bounded by one and 
satisfying from I^TL^i . (1^X71) . (|0T|) and gSSJ, 
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H(0<c(H(0-H( ( ^ ) +C) ) VC>0. (4.36) 



From [T?, p. 122, Lemma B], we deduce that there exist C, 7 > such that for any t > 

C 2 

— \\{Eo, ffo)||£)(7H3) 



£ it) + £1 (t) + £2 (0 < ^ IKK, ffo) ||L^3) (4.37) 



that is 



C 



rit)YXiM^) < -ro|lI,(A,3) VFo eD{M') . (4.38) 



Since is an m-accretive operator in V with dense domain, one can restrict it to D (A^^) in a 
way that its restriction operator is m-accretive. Thus the following two properties holds. 

yZo e D (M^) 3lYo e D (M^) Yo + MYo = Zo , (4.39) 

< 111; + xro||^(^.) vy„ e d {m"") . (4.40) 



Consequently, 



\T(t)Zo\\\j^^ ^\\T{t){Y, + MYo)\\\j^^ by 633) 

<Ci||r(t)r„||^ 



<WrollW) bygSi 



2 



<%{\\Yo\\\m^) + \\Yo + MY,\ 
<^\\Y, + My£^^j^.^ by gig 
< ll^o||?,(^.) by 633) 



(4.41) 



for suitable positive constants Ci, C2, C3, C4, C5 > 0. 

Now, suppose that (i?o, Ho) G (■^)- Since M is an m-accretive operator in V with dense domain, 
one can restrict it to D {M) in a way that its restriction operator is m-accretive. Thus the following 
two properties holds. 

"iiEo^Ho) (^D{M) 3\ZoeD{M^) Z, + MZo = (E^, Ho) , (4.42) 

||^o||,,(^)<||^o + X^o||,5(^) yZoeD{M') . (4.43) 

We conclude that 

£it) = \\r{t){Eo,Ho)\\l =\\Tit){Zo + MZo)\\l byjUl 

<Ci\\r{t)Zo\\l^M) 

<Wii^°iiW) by em 

< t {WZoWl^M) + \\Zo + MZoWl^^^) (4.44) 
<^\\Zo + MZo\\l^_^) by 633 

^ ||(£'o,i?o)||£,(^) 

for suitable positive constants Ci, C2, C3, C4, C5, Ce > 0. 



<^||(i?„,i/OII?5(A,) bySH 
<^{S{0) + £, (0)) 
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5 Proof of Proposition 4.1 



Recall that the definition of and the solution U were given in Section 4. 



Notice that the hypothesis saying that T C {M? \D {mi, 1112) ) x R implies that {B (xo, ro/'i)) C 
{VL) for any Xo S where B {xo, r) denotes the ball of center Xo and radius r. 

Let £ e C°° (]R3) be such that < e{x) < 1, £ ^ 1 in R^\Q, £{x) > > for any x € oJ^, 
£ = du£ = on T and both V£ and A£ have support in 0. 



The proof of Proposition 4.1 comes from the following result. 

Proposition 5.1 -. There exists c > such that for any Xo (zuJZ and any h G (0, 1], L > 1, X > 1, 
the solution U of (0T71) satisfies 



X (x) e-Mil---°l'+*')^ (x) \dtU {x, dxdt 



< c 



-^ + {l + hLX)e-^ 

h(i + VhL)Vx(f, + i 



Al+ 1 
Vh 1^ 



' VX\\{U,dtU)\\ 



GidtU,0) 



L^(ujx{-l-T,T+l)f 



where x&C^{B {xo-, ToI^)), Q<x<^ and 

T = 4 



XhL r-^ V2 
+ VhL + ^ 
%/2 Vh 



(5.1) 



(5.2) 



We shall leave the proof of Proposition 5.1 till later (see Section 6). Now we turn to prove Propo- 
sition 4.1. 



Let h £ (0, /lo] where h^ = min (^1, (ro/8) j. We begin by covering lOo with a finite collection of 

balls s(4,2V)^) for i £ I with G ujo and where / is a countable set such that the number of 
elements of / is -j^^ for some constant Co > independent of h. Then, for each x^, we introduce Xx^ € 
{B {xl,ro/2)) C {n) be such that < < 1 and Xxi = 1 on B (a;j„ro/4) D B (xl,2Vhy 



Consequently, for any To > 0, 



\dtU\^dxdt < f e 



1 ^iTi 



e"5* £{x) \dtU ix,t)f dxdt 



1 ^iT„2+2 



< 



ielJo J B[xi,2\ni) 



C,.{x)e K*l^-<r+*')£(x)|at[/(a;,t)r 



E 

ieiJn> 



Xx- {X) e 



-1 fi 

2 \ h 



dxdt 



(5.3) 



By virtue of Proposition 5.1, /j^xrXx^ (2^)6 ^(''l'^ '^"l ) £(x) \dtU {x,t)\'^ dxdt is bounded indepen- 
dently of and it implies that for some constant c > 0, 



\dtUUxdt <c-^ 



1 



^ + (1 + hLX) e-^ VA + i)l g {dtU, 0) 



-c 



h{l + VhL\Vx{^ + ]-\ ^\\{U,dm\l^i^M~i-T,T+i)r 



(5.4) 
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First, we choose A > 1 be such that A 
such that for any h £ (0, ho], 



in order that -j-^-^ < Ch, then there exist c,5>0 



\dtU\^dxdt < chg {dtU,0) + c-^ 
+c^\\{U,dtU)\\l.^ 



u:x{-l-T,T+l)f 



(5.5) 



Next, we choose L > 1 be such that L 
c, c', 7 > such that for any h G (0, ho], 



in order that 7^-^ < Ch, then there exist 



T = 4 



■ VhL ' ^ 



V2 



Vh 



<c' 



h^ ' 



(5.6) 



and further, 



9 1 r'i^ 

]dtU]^dxdt < c— 



(jdtU]'^ + ]U]'^^dxdt + chg{dtU,0) . (5.7) 



By a translation in time. Proposition 4.1 fohows. 



6 Proof of Proposition 5.1 



Let h e (0, 1], e ZU^, X e {B {xo, To/^)) be such that < x < 1 and U be a. solution of (|4?T|) 
By integrations by parts on the time variable, we can check that 

X (x) e-Mil^-^°l'+*')^ (x) ]dtU (x, t)]^ dxdt 



nxR 



< 2 



nxR 



X {x) e-Kil— °l'+^*')^ (^) \u{x, 01' dxdt 



X (x) e-Mil^-^°l'+*')a2L/ (x, t) ■£{x)U {x, t) dxdt 



(6.1) 



Let us introduce for any 6 G {1,2}, 



ao,e{x,t) = e ^(^1"^ and (pe (x, i) = X (a;) Oo.e (a^, 



(6.2) 
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By the Fourier inversion formula, 



= 2 

+ 
= 2 

+ 
< 2 



+2 
+ 



/ X (x) e-K^I^-^ol'+it')^ (a;) \u {x, t)\^ dxdt 

JnxR 

[ x{x)e-^(i^''-'''-^'+''h?U ix,t) ■ e{x)U ix,t)dxdt 
I ip2 {x,t) Oo,2 {x,t) i (x) \ U {x,t)f dxdt 
/ ipi {x, t) tto,! (a;, t) dfU {x, t) ■ l{x)U {x, t) dxdt 
I ( (2^)^ /m^ e^(-«+*^) ^ r) d^dr) ■ a^a {x, t) i [x) U {x, t) dxdt 
/ ( e*(-«+*-) r) d^rfr) • a^.i (a;, t) t {x) U {x, t) dxdt 

/ ((2^)^ L\<x (e, r) d^rfr) • a„,2 (a;, t) I {x) U {x, t) dxdt 

/e3 /|.|<a {i. r) d^dr) ■ ao,i {x, t) I {x) U {x, t) dxdt 

( (2^ /m3 ii.|>A ^ (e, t) d^dr) ■ ao,2 {x, t) t (x) U (x, t) dxdt 

( (2^7 /r3 /|x|>a (C: ^) '^Cdr) • a^.i (x, t) {x) U {x, t) dxdt 



(6.3) 



for any A > 1. Here we recall that 



F{^,t)^ f 6-'^''^+*^'^ F {x,t) dxdt and F{x,t) = -^f e'(^«+*^) F (C, r) d^dr 



(27r) 

when F and F belong to (R*)^. On the other hand, from (Al) of Appendix A, we have that 



(6.4) 



( 72V / / e»(^«+*^) <fi2U (^, r) d^rfr ) • 0^,2 (a;, t) £ {x) U [x, t) dxdt 
IQ.XVL y ^' Jm.^J\T\>\ J 

+ [ il^l I e'(^i+'-^ ^^^{C,T)d^dT] ■ao,i{x,t)£{x)U{x,t)dxdt 
JnxK Y Jr'^J\t\>x J 

It remains to study the following two quantities 



(6.5) 



nxR \ (27r) 



|t|<A 



iixi+tr) ^) . ^^^^ ^) ^ ^ ^) ^^^^ 



and 



/ ( 7^ / / e'(^«+*^) (pIsFt/ (^, r) d^dr ) • a„,i (x, f) £ (x) C/ (x, t) dxdt . 

JOxM y(27r) JM3J|r|<A / 



(6.6) 



(6.7) 



We claim that 
2 



|<A 



gi(a;«+tT) ^^[7 (^, r) d^rfr • 0^,2 (a;, t) £ (a;) U {x, t) dxdt 



< c 



gi(x«+tr) ^^g2ij ^) ^^^^ . Q^^^ (2;^ ^) I (3.) [/ (3.^ ^) ^^^^ 



(1 + /.LA) e-^ + Va + i) e (a^C/, 0) 

+C/1 (1 + Vhi) (ii(t/, 5*c/)ii^.(^,(_,_^,^+,))6) va + ^) vowm 



(6.8) 



13 



with T given by (j5.2[) which imphes Proposition 5.1 using (16. ip . (16.51) and Cauchy-Schwarz inequaUty. 

The proof of our claim is divided into nine subsections. In the next subsection, we introduce suitable 
sequences of Fourier integral operators. First, we add a new variable s G [0,L]. Next, we construct 
a particular solution of the equation (6.1.10) below for (a;,t, s) g x [0, L] with good properties on 
FiUFa. 



6.1 Fourier integral operators 

Let LpeC^ {Vl) and / = /(.T,t) G (R; (rS^) g^^j^ ^^^^^ e {R'^). Let h e (0,1], £ > 1, 

A > 1 and (xc^os) G x (2Z + 1). Denote x = {xi,X2,X3) and = (a;oi, a;o2, a^os)- First, let us 
introduce for any (x, t, s) e K** x [0, L] and n G Z, 

(y^(a::o,^o3,n) /) {x,t,s) 

= (-ir /" /" °' /" g»(a:i5i+:i;2«2+tr) g*[(-l)"^3+2n^p]53 g-j(|C|2-r^)/is ^^^^^^ 
^^''^ Jr-^J^^S-I J\t\<\ 

ae {xi — Xoi — 2^1 /is, X2 — Xo2 — 2^2/is, (—1)" x^ + 2n||^p — Xos ~ 2^3/13, i + 2r/is, d^dr 

(6.1.1) 

where ^ = (6,6, 6) e x [63 - 1, 63 + 1], 
Next, let us introduce for any {x, t, s) G K"' x [0, L], 

2P+1 

{A{xo,io3) f){x,t,s) = {Aixo,^o3,n) f){x,t,s) , (6.1.3) 

n=-2Q 
2P+1 

(B(a;o,63)/)(x,i,s)= ^ {-ir{A{xo,U,n)f){x,t,s), (6.1.4) 

n=-2Q 

where (P, Q) G is the first couple of integer numbers satisfying 



P > 3^ iVilU + 2) (L^ + 1) + 2 (I63I + 1) i 
0> 4^(v/(l^o3|+2) (L2 + i) + 2(p-r„)) . 



3.1.5) 



We check after a lengthy but straightforward calculation that for any (a;, t, s) G M x [0, L], 
r {ids + h{A-d^)){A{xo,U)f){x,t,s)^0 , 

\ lids + hlA-d^)){M{xo,Co3)f)ix,t,s)^0 , ^^-'-^^ 
and that for any (xi, X2,t, s) G K'^ x [0, L], 

[ {AiXo,^o3)f)[xi,X2,'^p,t,s] =0, 

(A (.To, 63)/) (2;i'2;2,-||ff|P,i, sj = (y^(a;o,63,-2Q)/) (^xi,X2, -^^p,t,s^ (6.1.7) 

+ (-4(xo,63,2P+l)/) (a;i,a;2,-|fff|P,i,s) , 

dx3 (B (2:0,63)/) (a;i,a;2, ■i|^p,i,s~) = , 
(B (2:0,63)/) (a;i,a;2,-||^p,i, sj = d^^ (y^ (xo, 63, -2Q) /) (^xi, 0:2, - 

-9^3 (^(a;o,63,2P+ 1) /) (xi, X2, - . 
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Let fj = fj {x,t) e (M;i2 (RSj-) ^^^^ ^^^^ ^ (•]g4j f^^. g^^^y ^ {1,2,3}. Let us 
introduce 

( h\ /A{xo,U)h\ 

/2 and V{xo,U)F=\ A{xo,U)f2 (6.1.9) 

then 

{ids + h{A- df)) {V {xo, Cos) F) (x, t, s) ^ V (x, t, s) e x [0, L] . (6.1.10) 
On another hand, let U be the sohition of (|4.ip . Denote 







' e {1,2,3} d'^uj - Auj = 


in X R 




(=) 


then < 


Ui = U2 = 


on (Fi U Fa) X R 


(6.1.11) 






9j;3li3 = 


on (Fi U Fa) X R 





because div = and U x = 0. Further, by (|43)) and (|46)) . 

3c>0 h,(.,t)||^w,,. + ||a*zi,(.,t)||^..^. <cg(C/,0) VjG{l,2,3}. (6.1.12) 



By multiplying the equation ()6.1.10p by £ (x) U {x, t) and integrating by parts over 51 x [— T, T] x 
[0, L], we have that for all (xo, ^os) G x (2Z + 1) and all /i G (0, 1], L > 1, T > 0, 

0- -I [ [ {V{xo,U)F){-r,0)-£Udxdt 



-iff (V (xo, Cos) i^) (•, •, L) ■ iUdxdt 

-hj J I ^ y" A (xo, Cos) fids^ Id^ui + A (xo, ^03) /ads^ ^Si^uaj dcrdi 

-/i / / ( f {xo, Cos) /s) ) £u3d<jdt 

hff f If M{xo,U)f3ds]dJu3dadt 

J Jiriur2}neJ-T \J() J 

dt {V (xo, Cos) F) (., t, •) ds] ■ m (•, t)-{ f {V (xo, Cos) F) (., i, •) ds] ■ IdtU (•, t) 



n 



r 

-h 

Ii + 12 + la + 14 + 2:5 + + X7 



(6.1.13) 

The different terms of the last equality will be estimated separately. The quantity Ti will allow us to 
recover (|6.6p (resp. (|6.7p ) when 9 = 2 and (^F = (P2U (resp. when 9 = 1 and (ysF = (pidfU). The 
dispersion property for the one dimensional Schrodinger operator will be used for making Z2 small for 
large L. We treat I3 (resp. I4) by applying the formula (|6.1.7p (resp. (|6.1.8p V The quantity I5 and 
I7 will correspond to a term localized in uj. Finally, an appropriate choice of T will bound Ig and give 
the desired inequality (|6.9.2I) below. 



6.2 Estimate for Xi (the term at s = 0) 



We estimate Ii = —i J^j, {V (xo, Cos) F) (x, t,0) ■ £ (x) U (x, t) dxdt as follows. 
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Lemma 6.1 .- There exists c > such that for any {Xq, ^03) G Wo x (2Z + 1) and h G (0, 1], A > 1, 
T > 0, we have 



Ii+i 



(2vr) 



ipF r) d^dr ■ ao,e {x, t) i (x) U {x, t) dxdt 



< c 



r) 



d^dT . 



(6.2.1) 



Proof .- We start with the third component of V {Xg, ^03) F- First, 



{M{xo,U).f) {x,t,0) 

2P+1 r / 

J2 ae{xi-Xoi,X2~Xo2,i-lTx3 + 2n-^p-Xo3,t, 

n=-2Q L ^ 

fCo3 + l 



1 /■/■" /■ e^(-i€i+X2€2+tr) g4(-ir-3+2n^p]«3 ^^^^^^^^^^^ 



Jm?J(,3'i J\t\<\ 



+ E 

ne{-2Q,---,2P+l}\{0} 



ae 



(27r) 



- Xoi, xq, - Xoi-, (-1)" 2:3 + 2n||^p - aj^s, 

jR^hoi-y j\t\<\ 



Next, we estimate the discrete sum over {—2(3, • • •, 2P + 1} \{0} . 



(6.2.2) 



ne{-2Q,---,2P+l}\{0} 



ae {xx - Xox, xi - Xo2, (-1)" 2:3 + 2n - Xo3,t, 0^ 



< 



(2x)* 



/■ /■Co3 + l r 


¥'/(?, t) 


'mJi„3-i J\t\<\ 





, l(»l-»ol.»2-»o2)l ^ 

a^ctr e 8 e E ^ 

nez\{o} 



(6.2.3) 

Remark that for any {xoi,Xo2,Xo3) € cJ^ and (xi,X2,a;3) e O, the following two cases appears. If 

(xi,.T2) 1^ D {mi — ro/2,m ,2 — ro/2) then wc have {xi — Xoi)'^ + {x2 — Xo2f' > (?'o/2). If {xi,X2) G 
D (mi — ro/2, m2 — ro/2), then a;3 G [— p, p] and we get 2ro < ± ((—1)" X3 — Xos) + 2p. Therefore, 
for some c > 0, 

((-l)"x3+2„^|£a^p-»<,3) 



e 2^ e 

nGZ\{0} 



< e ^ e" 

< ce~ch . 



((-l)"x3 + 2^T|g|TP-Xo3 



) n2„2 

— + 2 e — !^e-T 

n>0 



(6.2.4) 
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Now, we deduce from (lO:^ and (16.2.41) that 

(1 (xo, Cos) /) (a;, 0) I {x) U3 {x, t) dxdt 



nJ-T 



(2^) 



< 



?o3 + l 

e~"5" \i [x) M3 (x, I dxdt 

?»3 + l 



gi(:.?+tr) ^) ^^^^ j ^^^^ ^) £ (2;) M3 (a;, t) dxdt 

Co3 + l /• 
Cos-l J\r\<\ 



d^dr 



Co3-l "'|t|<A 



(6.2.5) 

where in the last line we have used the fact that the solution U has the following property, from 
Cauchy-Schwarz inequality and (|6.1.12p . 



(6.2.6) 



e-^ [ \iix)u3{x,t)\dxdt <c,/\n\( [ e'^dt\ y^G {U,0) 
Jn \J-oo J 



< 



cy^\ (2^2^) ([/, 0) 



Here and hereafter, c will be used to denote a generic constant, not necessarily the same in any two 
places. On the other hand, we cut the integral on time into two parts to obtain 



(27r) 



eo3+i 



,3-1 "'|r|<A 

ia3 + l 



«o3-l "'|t|<A 
?o3+l 



(27r) 



/nJK\(-T,T) ' JR2JC„3-1 J|t|<A 

and, by using (|6.1.12p and Cauchy-Schwarz inequality, we have 

K03+1 



g«(:r5+tr) ^ ^) ^^^^ j ^ ^) ^ ^) ^^^^ 

g<(xc+tr) ^ ^) ^^^^^ ^^^^ (2;, t) ^ (a;) U3 (a;, dxdt 

(^?+tr) ^_i(^|:,_^„|2+it2)^^^^^^ {x,t)dxdt 

(6.2.7) 



/aJR\(-T,T) 

1 rp2 



g»(xC+tr) ^) ^^^^ ^_ 1 ( 1 + ^^^^ 



< ce-i^V^(C7:0) 



?o3-l "'|r|<A 

?o3 + l 



'«o3-l "'|r|<A 

We conclude from ([Qj]) and ([eXS]) that 



3.2., 



(B (xo, U) f) {x, t, 0) £ (x) U3 {x, t) dxdt 



nJ-T 



+i 



< c 



(2-K 



«o3+l 



Co3-l "'|r|<A 



?»3 + l 



\"'R2"'?o3-l JItKA 



(6.2.9) 
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Similarly, 



< c 



-i (A {xo, Cos) /) {x, t, 0) i (x) Uj {x, t) dxdt 

JnJ-T 

Inxm 1 72^ I I e*(-€+*-) ^/ r) d^dr ) a„,e (a;, ^ (a;) Uj {x, t) dxdt 

y ' Jm2J{„3_i J\t\<x J 



This completes the proof. 



(6.2.10) 



6.3 Estimate for I2 (the term at s = L) 



We estimate I2 = i Jq J_j- (V {xo, Cos) -F") {x, t,L)-i {x) U {x, t) dxdt as follows. 

Lemma 6.2 .- There exists c > such that for any (xc^os) € w^x (2Z + 1) and /i G (0, 1], L > 1, 
A > 1, T > 0, we have 



C03+1 



Vvi / \Js.^Jio3-i J\t\<x 



(6.3.1) 



Proof .- We start with the third component of V {xo,£,oi) F. First, 
{Xo,^o?,)f) {x,t,L)\ 



< E \{A{xo,U,n)f){x,t,L)\ + 

neZ\{-2Q,---,2P+l} 



E (-l)"(.4(a;o,Co3,n)/) (a;,t,L) 



Next, 



E |(^(xo,Co3,n)/)(x,t,L)| 

neZ\{-2Q,--,2P+l} 



^^''^ Jv?J^,^-l J\t\<\ \ 



1_ K^i -Xgi -2(,ihL,m2-sCa2-'^i2hL)\ 



E 



{y/L-^ + l) I „eZ\{-2Q,...,2P+l} 

When ^3 e (Co3 - 1, 63 + 1) with ^^3 e (2Z + 1), 



1 ((-l)"»3 + 2n^p-x„3-2S3'.^) 



s/L"^ + 1 < 4Pp - 2 (ICosI + 1) i from our choice of P 

< APp - 2 IC3I hL + 2p- l^sl - IxosI because |a;3| + |a;o3| <2{p- ro) 
<4Pp-2 IC3I hL + 2p+-^[- i-lfx3 - X03] Vn e Z 



thus 



E e"^~ 

n>2P+2 



n>2P+2 







^ (^2np+4Pp-2|«3|hI, + 2p+y|^[-(-l)"-»3-»„3]) 
= E e~*^ 1,^ + 1°' 



_ 1 (2np)^ _ 1 

< ^ g ^~Lj+rQ W 

n>l 

1 .5-^ _ 1 ("P)^ 

< e *'> E 6 i^+T 

n>l 



4Pp-2|43|M,+2p+ 



[-(-l)"x3-aio3]) 



<e-3k (^ ^vj^ ) . 



(6.3.2) 



(6.3.3) 



(6.3.4) 



(6.3.5) 
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Also, 



VT^+T < 4Qp — 2 (p — To) from our choice of Q 

< 4(3p + 2 l^al /iL - l^al - l^osl because \xz\ + \xo3\<2{p - To) 
<4Qp + 2|^3|/ii- jfffi [(-l)"s3-a;o3] Vn e Z 



thus 



^ (^(-l)"x3 + 2™j|^p-rE„3-253fct)^ ^ (2,.p+2|53|hI,-^^[(-l)"a:3-x„3] 

n<-2(5-l n>2Q+l 

^ (^2,ip+4Qp+2|e3|hi-^^[(-l)"m3-an„3]^ 

n>l 

__L(2.P)2 1 (■^QP + ^lg3l'>I.-^[(-l)"^3-^o3])' 

< ^ g 4fi i2^i g 4fi it:^ 

n>l 



It imphes from (|6331) . (|6X5|) and (|6X7| that 



< 



E |(^K,eo3,n)/)(a;,t,X)| 

nGZ\{-2Q,---,2P+l} 

1 1 1 ( ^/WW^TV 



(2' 



?o3+l 



io3-l "'|r|<A 



ye 



Now, 



< 



E (-ir(^K,Co3,")/)(x,t,L) 

?o3-l "'|r|<A 



(27r 



ye 



8 (t + 2TM,)-' 



+ 62 



1 (a:i-Xol-2{ifcI..X2-3!o2-2i:2''J-)l 



1 ^,^(-l)"^3+2„^pJC3 



^ ((-l)"x3+2,i^|fl|^p-x„3-2{3hi) 



-/iL + T 



dS,dT 



< 



/■Co3 + l (■ 




ho3-l J\r\<X 
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g (t + 2ThL)-' \ 



because from Appendix B with z — {iL +1), we know that 



„»[(-l)"an3+2n^ple 



^ (^(-l)"x3+2n^|£a^p-x„3-2e3hL)^ 



< 



2y/h 



'TT p 



Finally, (jO:^ . (jOTS]) and (|6.3.10p imply that 



< c 



T72 



e 



Co3 + l 
„3-l "'|t|<A 



7m 



B (t + 2ThL)^ 
g 4 (fel,)2+e2 
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and we conclude that 

i-T 



{xo, Cos) /) (x, t, L) £ (x) U3 {x, t) dxdt 



< c 



nJ-T 
( 1 



«o3 + l 



e 



Co3-l "'|t|<A 



\£ (x) U3 (a;, t) I dxdtdr 



d^dr 



(6.3.12) 

where in the last line we have used the fact that the solution U has the following property, from 
Cauchy-Schwarz inequality and (|6.1.12p . 



-T 



9 {t + 2ThL)-' 

e ^ ihL)^+f>-' \e {x) U3 (x, t) I dxdt 



(6.3.13) 



Similarly, 



(A (xo, Cos) /) (a;, t, L) I (x) Uj (x, t) dxdt 



nJ-T 



.3.14) 



"'|r|<A 



¥'/(C, 



using the estimate 



|(A(xo,Co3)/)(a;,i,i)| < ^ |(^(xo,eo3,")/)(a:,i,i)| + 

neZ\{-2Q,---,2P+l} 



X! (-^ (^o' Co3, "-) /) (a;, i) 
(6.3.15) 



and 



n ^i[(-l)"-X3+2nj|^p|53 



^ 1 ^ ((-l)».3+2„^p-.„3-2;3.I,) 



< 



2V/^ 



2 VXy" 

(6.3.16) 



deduced from Appendix B with z = ^ (iL + 1). This completes the proof. 



6.4 Estimate for X3 (the boundary term with 



We estimate I3 = -h /p^^jp,^ /5r { (/o^ ■'^ i^o, S.03) fids^ Id^ui + (^/^^ A (xo, Cos) /2rfs) id^u^^ dadt as 
follows. 

Lemma 6.3 .- There exists c > suc/i that for any (xo,Cos) G (2Z + 1) and h € (0, 1] , L >1, 
X > 1, T > 0, we have 



II3I < chL e~^^g{U,0) 



«o3 + l 
?o3-l "'|t|<A 



^^(C,t) 



(6.4.1) 
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Proof .- First, by (|6.1.7p . we deduce that 

(A (xo, Cos) f) (a;, t, s) £ (x) dx^uj {x, t) da 



< 



Tiura 

Next, recall that 



{A{Xo,Co3,'~'2Q) f) (^l'^2,-||ffjP,i,s) ed^aUj (xi, X2, --^p,t^ 
{A{Xo,Co3.'2P + 1) f) (^Xi,X2,-||^p,t, idxaUj (^Xi , X2 , - 



(6.4.2) 



da 



< 



\{A (xo,^o3,n) /) {x,t,s)\ 

> JR^JliaS-l J\r\<\ 



1 l(^l-^ol-2liihB j:2-^a2-2i2l's)l' 
4h s'-^+l 



(6.4.3) 



(vWT)' 



Here, for any s e [0,i], h e (0,1], 2:3 £ [-p,p\, Xos G [p - 2ro, p - ro], ^3 G (Co3 - 1, ■^os + 1), 
fo3 € (2Z + 1), we have chosen {P, Q) e (only depending on (^03, i)) such that 



s^ + l < ( 2np-2|,e3|/is + ^[(-l)"a;3-a;o3] ) when n e {-2Q,2P+1} 
Indeed, for any 2:3 G [— p, p] and X03 G [p — 2ro, p — r^] 



+ 1 < ^/UTT < APp - 2 (ICosI + 1) i from our choice of P 

< APp - 2 l^sl hs + 2p- \x3 + Xosl because 2ro <2p- \x3 + Xosl 

< 4Pp - 2 1^31 hs + 2p+-^ [-X3 - X03] 



and 



VsM-T < y/ L'^ + 1 < AQp — 2{p — To) from our choice of Q 

< 4(5p+ 2 1^31 /is - |x3 - Xo3 1 because \x'i - Xo3\ < 2 {p - Vo) 



< 



-iQp-2\C3\hs+^^[x3-Xo3] 



(6.4.4) 



(6.4.5) 



3.4.1 



So (|6.4.4p implies that 

_ ^ (2.p-2|;3|;>.+ ^[(-l)".3-^o3])' 



< e"3K when n e {-2Q,2P+ 1} 



3.4.7) 



Therefore, from (|6.4.3I) and (|6.4.7p . for any s £ [0,L], h e (0, 1], 0:3 G [-p,p], Xos G [p - 2r 

6 e (Co3- l,Co3 + l), 



< 



|(^(a;o,Co3,n) /) {x,t,s)\ 
11 1 

(27r)'' vWT (vWT)- 

rCo3+i 



e 



«o3-l "'|r|<A 



^/(e,r) 



ye 



e (f+2rh3)'' 



On the other hand, by Cauchy-Schwarz inequality 

i-T 

\l (x) dx^Uj (x, t)| rfcr ) dt 



didT when n e {-2Q,2P+ 1} . 

(6.4.8) 



< c 



8 (f + 27-hs)-' \ 



1/2 



1/2 



e -1 \l{x)dx^u^[x,t)f dadt 



TJriur2 



(6.4.9) 



1/2 



TJriur2 
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8 (t + 2-rhBy 

Next, by multiplying the equation dfUj — Auj = by g£'^S/uj ■ W where g{t) = e " {h^y^+e-^ and 
W = W {x)\sa, smooth vector field such that W = u on (see [9l page 29]), we get, after integrations 
by parts and by Cauchy-Schwarz inequality, observing that £uj = on dVt, 



riura 



< c 



Therefore, (|6A9)) and (16.4. lOp imply that 





e (t+2T(is)2 / 








2 


J-T 







riura 



\£{x)d^,Uj {x,t)\da dt < cJihsY +e^y^g{u,o) 



We conclude from (|6.4.2p . (|6.4.8p and (|6.4.11l) that 



< 



L 



^ i^o, Cos) / [x, t, s) ds j i (x) duUj {x, t) dadt 

?o3+l r 

\l (x) dxgUj (x, t) \ dadtds 



<chL e-^^^g{U,Q) I [ / 



d^dr 

T 



e 4 



Tiurs 
d^dr] . 



(6.4.10) 



(6.4.11) 



.4.12) 



6.5 Estimate for X4 (the boundary term with dx:fi) 

We estimate 2^ = h /p^yp^ /Z^ ( lo '^^ (® (-^o' ^os) •^s) ^'^) ^U'idadt as follows. 

Lemma 6.4 .- There exists c > stic/i that for any (2:0,^03) G (2Z + 1) and h e (0, 1] , L > 1, 
A > 1, T > 0, we /lawe 



\^JE2 J4„3_i J|t|<A 



Proof .- First, by (|6.1.8p . we deduce that 

dy (B {xo, ^03) /) (a;, t, s) ^ (a;) "3 (a;, t) dcr 



< 



riurs 



Tiura 

Next, recall that 



(-4(a;o,Co3,-2Q)/) (^Xi,X2,-||^p,t,s) lu-i (^Xi,X2,-||^p,t 

(9^3 (.4(a;o,^o3,2P+ 1) /) (^xi, xa, - ^1/3 (^xi, X2, - 



|9a;3 {A {xo,£.o3,n) f) {x,t,s)\ 



?o3-l "'|t|<A 



9 (t + 2Ths)^ 



1 (xi-3ioi-2;ifc3.x2-3io2-2i:2fes)l^ 



(v^)'^= 



^ (^2,ip-2|53l'i = +j|^[(-l)"x3-x„3]) 



d£,dT 



3.5.1) 



(6.5.2) 



(6.5.3) 
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Here, for any s € [0,L], h G (0,1], 2:3 £ [-p,p], Xos e [p - 2ro, p - ro], £,3 G (^o3 - 1, Co3 + 1), 
£o3 G (2Z + 1), we have chosen (P, Q) G (only depending on (^03,^)) such that 



ih\£3\ + l){s' + l) < (2np-2\C3\hs + ^^[{-irx3-Xo3]^ 
Indeed, for any 2:3 G [— p, p] and x^s G [p — 2ro, p — r^,] 



when n G {-2Q, 2P + 1} . 

(6.5.4) 



V(/i|6l + l)(s2 + l) < VdCoal + 2) (L2 + 1) < 4Pp - 2 (|e„3| + 1) i 

< 4P/9- 2 l^sl /is + 2p - |x3 + X03I because < 2p- 1x3 +Xo3 1 (6.5.5) 



< 



4Pp - 2 161 hs + 2p + 1^ [-2:3 - 



and 



VihM+T)W+T) < Vi\^o3\ + 2) (£2 + 1) < 4gp - 2 (p - ro) 

< 4(3p + 2 161 /is - |x3 - 2;o3| because |x3 - a;o3| < 2 (p- To) (6.5.6) 



< 



-4gp - 2 161 /is + ilfi [x3 - X03] 



So (|6.5.4p imphes that when n£ {-2Q,2P+1} 
1 



16 



^ (^2™p-2|53|hs+^^[(-l)'«m3-x„3]) 



16 



j-i(IC3l+-K-) < i6e~T^ 



(6.5.7) 



Therefore, from (|6.5.3p and (|6.5.7p . for any s G [0,L], h G (0, 1], 2:3 G [— p, p], ^03 G [p — 2ro,p— r^], 

6 e (63-1,63 + 1), 



\dor:3 {A{xo,£o3,n) f) {x,t, s)\ 



< 



^/(6r) 



4o3-l "'|r|<A 



e '*(*"'^+«" ) d^rfr when n G {-2g,2P+ 1} 



On the other hand, by Cauchy-Schwarz inequahty, a trace theorem and (|6.1.12p . we have 



(6.5.8) 



g 4 (hs)2+e^ 



-T 



|^(a;) 113 (x,i)|(/CT dt 



riurs, 



< c 



(t + 2Ths)-' ' 

e 4 dt 



1/2 



8 (t + 27-fc3)-' 
g 4 ()is)^+e^ 



1/2 



|u3 (a;, i)| dadt 



We conclude from (|6.5.2p . (|6.5.8p and ()6.5.9p that 



(6.5.9) 



riur2"'-T \Jo 



^(2^ce - 



(B (xo, 63) /) (a;, s) j £ [x) U3 (x, i) (icrdt 

?o3 + l 



«o3-l "'|r|<A 



d^dT 



1^ {v^iy^^ f^lKi^y^ 

< chL e'^^giU,0) i 



g 4 (hsY-' + B--' 



.5.10) 



\£ (x) U3 (x, t) I dadtds 



riur2 



Co3 + l 
?o3-l "'|t|<A 



</'/(6r) 
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6.6 Estimate for X5 (the boundary term on (Fi U fl 0) 



We estimate X5 = —h /(riur2)n0 /^t ( lo ® ^°3) /s^'^j d^iu^dadt as follows. 

Lemma 6.5 .- There exists c > such that for any {xo,^o3) G tli^x (2Z + 1) and h € (0, 1] , L >1, 
X > 1, T > 0, we have 



il < Ch (l + VhLj ll(w3,<9tU3)||^2(„x(-l-T,T+l))2 



?o3 + l 
«o3-l "'|t|<A 



ipF{^,T) d£,dT . (6.6.1) 



Proof .- Since 



Xo,£.oz) f){x,t,s)\< J2 \i-^ixo:io3,n) f) ix,t,s)\ 

C„3 + l 



< 



(27r) 



€o3-l "'|r|<A ■ 

1_ (xi-a;oi-2{ih3 X2-x„2-2i:2'")l^ 



^ ((-l)"x3+2„^p-.„3-2;3>..) 



(6.6.2) 



and 



1 ((-l)"^3 + 2„^p-x„3-2;3'>3)^ ^ 



(see Appendix B with z = (s'^ + l)), we have 



hi I if V,ixo,Co3)fds]dau3dadt 

(riur2)ne"'-T \Jo J 



Co3-l "'|t|<A 

T 



^/(e,r) 



1/2 



_ e (t+2T)i£)f 
g 4 (h,)2+e2 



-T 



|9,yi?U3 (-jt)! dcrdi dsd^dr 
(riur2)ne / 



< ch 



/•Jo3 + l 




koi-l J\t\<X 





d^dr 



(i+VfeV?+T) 



■ , ) , , — — : ,1/2 — ,1/" I / e " ds 



1/2 



-T"'(riur2)ne 



|i9^€w3| dadt 



Now, we shall treat the term I J_j, /(riur2)ne l^^^^^sl dadtj as follows. Let W — W {x)he a, smooth 
vector field such that W = u on dQ (see [H page 29]). Since 

div (Wu^ {\/£ ■ Wf^ =2u{Vu-W){V£-Wf + u^V {V£-Wf -W + {Vi -Wf divW , (6.6.5) 

we have the following trace theorem 

/ \dJufda<cf\ufdx + cf\\/u\^{\/i-Wfdx. (6.6.6) 



(6.6.3) 



(6.6.4) 
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Next, by multiplying the equation d^u^ - Awg = by U3 {VI ■ Wf g where g e {-1-T,T+ 1) 
and 5 = 1 in (— T, T), we get, after integrations by parts and by Cauchy-Schwarz inequality, observing 
that d^u^di^i = on dfl, 



T r rT+l 

\Vu3\^{V£-Wfdxdt<c / [\u3\' + \dtU3\' 



dxdt . 



(6.6.7) 



Therefore, combining (|6.6.6p . (16.6.71) and (|6.6.4p . we conclude that 



hi III V,{xo,^o3).fds]dJu3dadt 

(riur2)ne./-T Wo 



< ch 



1))^ 



Co3 + l 
«o3-l J\t\<\ 



3.6., 



d^dr 



6.7 Estimate for Xq (the term at t = ±T) 



We estimate Ig -/^/o [[j^ dt {V {xo,U) F) {-,1, ■) dsy iU {■,t) ~ (^J^'' (V ixo,L3) F) {-,1, ■) ds^ ■idtUi-,t) 
as follows. 



Lemma 6.6 .- There exists c > such that for any (xo^^os) G Wo x (2Z + 1) and h e (0, 1] , L >1, 

X> 1, we have 



€03+1 



\Ie\<chLX e-i^g{U,Q) I 



^F{^,t) 



d^dr 



when 



T = A 



XhL r-^ ^/2 
V2 ^/h 



(6.7.1) 



3.7.2) 



Proof .- Since 

\dt {A{xo,^o3,n) f) {x,t,s)\ 



< 



(27r)^ 



R^"'?o3-l "'|t|<A 



J_ (xi - jioi- 2i;i lis. x2-x„2 -2^:2''° 



^ ((-l)-.x3 + 2„^p-x„3-2t3'>^)' 



(vWT) 



172 



1 |t+2T/is| 

2 



ye 



(V(M'+e') 



172 e * o^iPTP- (i^f^-r 



(6.7.3) 



we have 



< c 



|(A (xo, f) {x, ±r, s)\ + |9t (A (xo, U) /) (x, ±T, s)| 
+ I (B (x„, ^03) /) (x, ±T, s) I + \dt (B (xo, ^03) /) (a;, ±T, s)| 

^eo3 + l /• / 1 ((-l)"x3 + 2„^|2|^p-x„3-253hs 



«o3-l "'|r|<A 



T-r\i/2 E 



1 + A + \±T+2Ths\ 



e {±T+2Ths)-' 



2 ^(hsf+e^ J \y(hsf+B^) 



< c 



J i+V7rv?+T 



?o3 + l 

?o3-l "'|r|<A 



_ e (±T + 2Ths)-' 



e s (h.)2+6,2 j^^^ 



(6.7.4) 
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On the other hand, 



g 8 (h,y2+o2 < g 16 (7rrp+s^e**<^^^o^+^ Vs G [0,L] , |r| < A 



3.7.5) 



Now, when T = 4 



, then i (XhL) + jr- ( (/iL) +6"^] < 2^ which imphes that 



In conclusion, combining (16.7.41) . (|6.7.5p . (16.7.61) and (I6.1.12p . we get 

?o3 + l 



(6.7.6) 




T 


j ■£dtU{-,t) 


dx 




-T 



< chLX e~i,yg{U,0) i 



d£,dT\ . 



3.7.7) 



6.8 Estimate for Xy (the internal term in u) 

We estimate I7 ^ h /^^ ( V {xo, £.03) Fds^ ■ [2 {VI • V) [/ + MU] dxdt as follows. 

Lemma 6.7 .- There exists c > such that for any (a^oj^os) G tl^x (2Z + 1) and h G (0, 1], L>\, 
A > 1, T > 0, we have 



]<ch {l + ^/hL) {\\{U,dtU)\\ 



L2(cjx(-1-T,T+1))' 



Co3 + l 

«o3-l J|r|<A 



ipF{£,T) d^dr] . (6.8.1) 



Proof .- We start with the third component of V {xo, £03) F. Since 
|(B(xo,eo3)/)(x,i,s)| < E |(^(xo,eo3,ri)/)(a;,t,s)| 



< 



io3 + l 



Co3-l "'|t|<A 



-92 



g (t + 2Th3)-' \ 

g 4 (hs)2+e- rf^rf,- 



(see (|6l3)-(l6X3l)), we have 



^// (i) (®(^°'^°3)/)(x,i,s)dsj [2V^Vu3 + A^U3](x,i)rfa:dt 
<c/iy" |(B(a:„,eo3)/)(a;,i,s)|ds^ (|V^||V7/3| + |u3|)(a;,t)dxdt 



eo3-i "'|t|<a 

'/e_ 



(6.8.2) 



(6.8.3) 



^ ^ ,17^ e ^t^^FTi^ ) (|V£| + l^^sl) {x,t)dxdt] dsdidi 
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which imphes using Cauchy-Schwarz inequahty 



^^^^ 



T 

-T 



(B (xo, Cos) /) (x, s) dsj [2V£Vm3 + A^us] (x, dxdt 



(i+V7rV?+T) 



T72 
1/2 



e 2 ) (is 



1/2 



dxdt 



< ch 



(^\Ve\^\Vu,\' + \us\' 
+ m^(|V^|'|Vu3|V 1^.31') dxdij n J 1 ^JW'(C, 



Similarly, for any j g {1,2}, 



d£,dTj . 
(6.8.4) 



T \J0 



(A (a;o, foa) /) (x, s) ds [2V£Vuj + A£uj] (x, i) dxdt 



<ch{l + VhL 



(iv^l'iv 



1/2 



dxdt 



?o3 + l 
?o3-l "'ItKA 

1/2 



d£,dTj . 
(6.8.5) 

Now, we shall bound the term {JuiS'^t (I^^I^ l^'^jl^ + dxdtj for any j e {1,2,3} by the 

quantity ||(C/j5(?7)||^2(^x(-i-tt+i))''- multiplying the equation d^Uj — Auj = by Uj |V£|^g 
where g € C^(— 1 — T, T+1) and g = 1 in {—T,T), we get, after integrations by parts and by 
Cauchy-Schwarz inequality, observing that UjO^Uj |V^| = on 9f2, 



/ / iVujf |V£|^ dxdt < c /" /" (|ujf + \dtUj\^^ dxdt , 
for any j g {1,2,3}. This completes the proof. 



(6.8.6) 



6.9 Key inequality 



From now, 



T = 4 



3.9.1) 



By (|6.1.13p . ((6XT|) . ((6XT|) . ((6XT|) . deXT]) . (leXTI) . (leTTI) and ((6XT|) . there exists c> such that for 
any (x^^os) G cJ^ x (2Z + 1) and /i G (0, 1], i > 1, A > 1, we have 



(2^)" 



Co3 + l 



?o3-l "'|r|<A 



gi(^C+tr) ^ ^) ^^^^ . ^^^^ ^) £ (-^) ^) ^2;dt 



< c 



(1 + hLX) e-^ + (C/, 0) 

+c/i (i + \/)Il) (||(;7,atC/)| 



«o3 + l 

?o3-l "'IrKA 
L2(wx(-1-T,T+1))' 



«o3 + l /• 

«o3-l "/irKA 



di^dr)^ 



(6.9.2) 



d^dr 
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By summing over £ (2Z +1), it implies that 



(2^ 



A^i+tr) ^ (^^ ^) ^^^^ . Q^^^ ^) ^ (2;) (2;, i) dxdt 



\r\<\ 



< C 



{l + hLX)e-^ + ^ {U, 0) 

9tC/)||^2(„x(-l-T,T+l)) 



+ch 



1 + V/ii 



d^drj 



\t\<\ 



d£,dT 



On the other hand, from (A2) of Appendix A, 



\t\<\ 



A2 1 



d^dr < cVa (^-^ + ) {dtU,o) 



whenever (pF = (p2U or LpF = (pid^U. Therefore, by (|6.9.3p with (|6.9.4p . we obtain that 



R3J|t|<A 



< c 



nxR 



(2^)^ 



|r|<A 



_(1 + hLX) e-^ + VA + i) g 0) 



(6.9.3) 



(6.9.4) 



(6.9.5) 



which is om" claim (|6.8p . This completes the proof. 



Appendix A 



The goal of this Appendix A is to prove the two following inequalities (Al) and (A2) below. 
Lemma A .- Let 

1 I ^ |2 1^^2 1 I ^ ^ |2 



e ''■I 



/or some Ci, 02,03,04 > and (f> G (il). Lef £ £ C°° (M^) &e such that < i{x) <1. There exists 
c> such that for any h G (0, 1], A > 1 and any u e (K, (Q)) n (M, (f^)) satisfying 



and 



3Rj > 



have 



d?u — Alt = in fl X 



dlu{;t) ^^^^^^<R, /or je{0,l,2}, II V7.(-, 01122(0) <^i , 



„i(x?+tT) (^^^ ^) ^^^^ (2;, £ (x) M (2;, t) dxdt 



S?J\t\>\ 



< c. n {Ro + Ri) (Ro + R2) 



and 



(Al) 



(A2) 
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whenever f — u or f ~ dfu. 



Proof of (|Aip . Introduce 
/ 1 



OxR \ [Itt) Jm J|r|>A 



A^i+tr) ^ ^) ^^^^ ^) ^ ^ ^) ^^^^ _ 



Thus, 



Qo {x, t) i (x) u (x, t) dt 



flxR 



(2^) 



J_ g«(:r5+tr) ^ ^) ^^^^ ^^^^ 



kl>A 



e{x)dt {aou{x,t)) ^ 



e-'*^- ((p/) {x,0) dO 



/nxR \ ^|t|>A 

It follows using Cauchy-Schwarz inequality and Parseval identity that 
\n{f)\ < I \e{x)dt{a,u{x,t))\ ' 



dr dxdt 



f2xR 



rdr 



|t|>A 



dT 



1/2N 



dxdt 



< 



< 



f2xR 



|9t (aou(2:,t))| I ^ 



|r|>A 



1/2 , 



27r/ \iipf){x.,0)\^de 



1/2 > 



dxdt 



SlxR 
1 fl 



\dt{aoU ix,t)) \ (-^Jl\\{ipf) (a;, •)|lL2(R)j dxdt 



Since we have the following estimates 

(^\u(x,t)\'^ + \dtu{x,t)\^^ dxdt < c{Ra + R2) 



\dt {aou) (-,01^2(0) 



dt < 



< 



\dtaoU {x, t)\^ dx 



-,1/2 



dt 



e "=2 



dx 



1/2 



\aodtu {x, t)\^ dx 



-,1/2 



dt 



dt+ e <=2 



\dtu{x,t)\ dx 



1/2 



dt 



<ciRo + Ri) , 



we conclude that 



\niu)\ + \TZ{d^u)\<c^{Ro + Ri){Ro + R2) ■ 
That completes the proof of (|Aip . 

Proof of ([A2|) . We estimate ipf t) d^dr where / solves d'^f - A/ = in 17 x R. By 

Cauchy-Schwarz inequality and Parseval identity, 



|r|<A 



d^dr = 



|r|<A 



< 



/|r|<A 



l + l^l j ^/ 

1/2 



(l-'AM^/)) (e,r) 



de 



1/2 



dr 



|r|<A 



(l-'AH^/)) (C,r) 



dfdr 



1/2 
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On the other hand, remark that dltp{x,t) = jjj2 4>j (x) e W^^^^^"^ e~=4* for some (jij £ (fl). 
Since A (tpu) = ifAu + A(pu + 2\7(pS/u, we obtain when f = u, using Parseval identity and the last 
remark 



'M<A 

< cV\(\\(pAu\ 



L2(OxI 



\\Aipu\\ 



L2(nxi 



L2(f2xl 



\\(pu\\ 



L2(OxI 



Since 



ipdfAu + AifiAu + 2V(fiVdfu 

dj {ipAu) - 2dt (dtifiAu) + {df(p + Aip) Au + 2V^Va, 



(ifiAu) ~ 2dt (dtipAu) + (dfifi + Aip) Au 



we obtain when / = dfU, using the fact that |r| < A, Parseval identity and the above remark, 

d^dr 

< cVx ||^Aw||^2(oxr) + ^ ll^tV'AwllL^coxR) + II {dfif + Aip) Au\\^^^^^^^ + \\ipAu\\^2f^nxR)) 
"VX (a2||V(^Vu||^.(oxr) + 

A ||9tV<y9Vu||^2(s;2xR) + ll^t^'^''''^ ""1^2(^x1 



// 


ipdfu{C,T) 


/R3J|t|<A 





<cVA((A2 + i)i?2 + ^i?i 
We conclude that there exists c > such that for any h E (0, 1] and A > 1, 



|^(^,t)| dCdT + 

I\t\<\ 

That completes the proof of (jA2 



|r|<A 



ipd^u{^,T) 



d^dT < cVX ((X^ + jj i?2 



Vh 



T-Ro 

h 



Appendix B 



The goal of this Appendix B is to prove the two following inequalities. 
Lemma B .- For any x, y,C, R E R, any 2; G C, Re z > 0, 



4= E 



< 



< 



2 VRel 
2 



VRe^ 



Proof .- First we recall the Poisson summation formula. Let u £ (M, C) be such that for any 
k & {0, 1, 2}, the functions x 1 — > (l + x^) u^''^ (x) are bounded on R. Then for any x G M, 



u{x + n) — u (2% 



where u (27rn) = / u{t) e 



*dt 



Next, by choosing u (x) ~ v (x) e ^i-iSi some B E R and v E C'^ (M, C) such that for any k E 
{0, 1, 2}, the functions x 1 — > (l + x^) v'-'^'' (x) are bounded on R, we obtain that for any x,B eR, 

V d (27r (n + B)) e^'^"^ V w (x + n) e-2'^*s(^+») where v{27r {n + B))= [ v (t) e-2'^*("+-^)*dt . 
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Now, for any z € C such that Rez > 0, we take v (x) = e~^^ in order that v{2TT{n + B)) = 
-^^e~ Thus, after simple changes, the following formula holds for any x,B G R, any 
z€C,Rez>0,a>0, 



g-f («+B)2gi2nx ^ g-f (a+77n)^g-»2B(a:+7rn) 



Finally, we deduce that for any x, y,C,RG R, any z G C, Re 2; > 0, 



i= X;„g2; (-1)" e-l^(2n+C(-l)"+fl)^g*«XgZ(-l)"j/ 



J_V p-^{in+C+R)^ pi2nxpiv ]_ V „- 1 (4n+2-C+i?)%i(2n+l)a; „-iy 



p-iVpix _i_ 



i^i-S(£!;+7ra) _ p-iy Ve 



4 ■ SneZ 

^ 2 Z^neZ e * ^ 2 ^ ' 



E 



nez 



and similarly 



iyj_ 
< V£ _|_ 2 

- 2 VR^ 



■i(2n+C(-l)"+fl)%m2:„i(-l)"?/ 



„ -i(4n+C+JJ)^ „i2na; 1 1 „- ^ (4n+2-C+R)'^ „i2nx 

e -|- e e ,^ Z^neZ ^ 
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